In this paper, we show some results of irreducible ideals in BCI-algebras, including that every proper ideal of a BCK-algebra can be decomposed as the intersection of all minimal irreducible ideals associated with it, etc.
Palasiriski showed that for lower BCK-semilattices, the notion of prime ideals is the same as that of irreducible ideals (see [5] ) and he also investigated the decomposition of ideals as the intersection of prime ideals in lower BCK-semilattices (see [6] ).
In this paper, based on Palasinski's ideas, we will give some properties of irreducible ideals in BCI-algebras, and then consider the decomposition of ideals as the intersection of irreducible ideals in BCK-algebras. We will see that the main results in this paper are similar to the corresponding results in [5] and [6] .
Let us recall some definitions and results. For the notion of BCI-algebras, we refer the reader to [2] . Assume that X is a BCI-algebra. It is known from [2] that the following identity holds:
(i) (x * y) * z = (x * z) * y, and that (X; <) is a partially ordered set where < is called the BCI-ordering on X whose definition is as follows: x < y if and only if x * y = 0 for any x, y € X. The algebra X is called a BCK-algebra if 0 * x = 0 for all x e X. If X is not a BCK-algebra, we call it a proper BCI-algebra. A lower BCK-semilattice X means that it is a BCK-algebra with (X; <) as a lower semilattice.
Proof. Assume that X is subdirectly irreducible, then A fl B ± {0} for any nonzero ideals A and B of X, and so {0} is irreducible. Conversely, if the number of all ideals of X is finite, letting Ai, A2,..., A n be all nonzero ideals of X, since {0} is irreducible, we have Ai fl A% ^ {0}. Proof. Since X/P is subdirectly irreducible, we have X/P / {Po} where Po is the zero element of X/P, then P is a proper ideal of X. Also, by Proposition 4, the zero ideal {Po} of X/P is irreducible. Let A and B be ideals of X. If A n B = P, then P C A and P C B. So, A/P and B/P are ideals of X/ P, where A/P = {P x € X/P and B/P = {P x 6 X/P \ x e B}.
It is easy to see from A n B = P that (A/P) D (B/P) = (A n B)/P = P/P.
Now, for any P x € (A/P)f](B/P),
we have x G P. Since P is a closed ideal of X, by Proposition 5(1), we obtain P x = P 0 . Hence (A/P) n (B/P) = {P 0 }. Note that {P 0 } is irreducible. It follows that A/P = {P 0 } or B/P = {P 0 }, that is, A = P or B = P. Therefore P is irreducible.
Conversely, assume that the number of all ideals of X, containing P, is finite, and let Ai, A 2 , • • •, A n be the whole ideals of X, properly containing P. By Proposition 5(2), A\/P, Ai/P, ..., A n /P are the whole nonzero ideals of X/P. Since P is irreducible, following the proof of Proposition 4, we have Ai fl A 2 n • • • fl A n ^ P, then
Therefore X/P is subdirectly irreducible. Proof. Let fl = {I | 7 is an ideal of X such that AC I and I n F = 0}, then fl ^ 0 by A 6 fl. According to Zorn's Lemma, there is a maximal member, say P, of fl. It is obvious that P is a proper ideal of X, satisfying A C P and P fl F = 0. It remains to show that P is irreducible. If it is not true, there are two ideals B and C of X such that B fl C = P, but B ^ P and C ^ P, then P is properly contained in B and C. By the maximality of P, we derive BnF ± 0 and CC\F ^ 0. Putting x G B n F and y € C fl F, by our assumption of F, we obtain
Hence a G P n F and P fl F ± 0, a contradiction with P I~1 F = 0. Therefore P is irreducible. Proof. Denote F = {x€X\a< x}, then a G F and a G (x) whenever x G F. So, ((x) n (y)) fl F 0 for all x, y G F. It is easy to see from a £ A that A fl F = 0. Now, by Theorem 8, there exists an irreducible ideal P of X such that AC P and P n F = 0. Also, by a G F and P fl F = 0, we have a £ P. The proof is complete.
Corollary 9 can be equivalently stated as follows. Putting A = {0} in Corollary 9, we obtain COROLLARY 12. If X is a nonzero BCI-algebra, then for any nonzero element a G X, there is an irreducible ideal P of X such that a £ P.
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Let us turn to consider irreducible ideals in BCK-algebras. U I) and x G (B U I) . By x G (A U I), Proposition 1 implies that there 8X6 X\, X2y The following is similar to the second half part of Theorem 2.
LEMMA 13. Suppose that A, B and I are ideals of a BCK-algebra X. If A n B C I, then (A U I) n (B U I) = I.
Proof. Put x G (AU/)fl(BU I), then x G (A
• • • > %rrt G I such that (• • • ((¡E * * x 2 ) *•••)* x m G A.
THEOREM 14. Let P be a proper ideal of a BCK-algebra X. Then the following conditions are equivalent: (1) P is irreducible; (2) An B C P implies A C P or B C P for any ideals A and B of X; (3) (x) n(y) CP implies x € P or y E P for any elements x and y of X.
Proof. (1)=>(2) If AOB C P, then (A U P) D (B U P) = P by Lemma 13.
Since P is irreducible, it follows that (AllP) = P or (BliP) = P. Therefore AC P ox B CP.
(2)=>(3) Obvious. (3)=*(1) For any ideals A and B of X, if A n B = P, we have P C A and P C B. Now, if A C P, then A = P. If A % P, then A -P ± 0, and so there exists a € X such that a G A but a $ P. For any x G B, since (a) n (x) C A n B = P, it follows from (3) that x G P. Hence B C P and B = P. Therefore P is irreducible. 
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We remark that if X is a proper BCI-algebra, the last theorem is not true. X = {0, 1, a, b, c} and define a binary Given a proper ideal A of a BCI-algebra X, an irreducible ideal P of X is called minimal associated with A if (1) A is contained in P, and (2) for any irreducible ideal Q of X,ACQCP implies P = Q (see [6] ).
EXAMPLE 1. Let
LEMMA 15. Let A be a proper ideal of a BCK-algebra X. Then every irreducible ideal P of X, containing A, contains at least a minimal irreducible ideal of X, associated with A.
Proof. Let ft = {Q | Q is an irreducible ideal of X and A C Q C P}. Clearly, P E ft, then ft 0. We provide a binary relation < on ft by which Q < Q' if and only if Q' C Q for any Q, Q' 6 fI, then (ft; is a partially ordered set. Assume that T = {Qi E ft | i E 1} is a chain and let Qo = flie/ QI-* then A C Q 0 C P. We assert that QQ is irreducible, in fact, if it is false, by Theorem 14, there are x, y E X such that (x) fl (y) C Q 0 , but x $ QO and y QQ. Since Qo = F] ie jQi, there exist i', i" € I such that x £ Qi> and y ^ Qi». Also, because T is a chain, we have Qv < Qi» or Qi" < Q^. There is no harm in assuming Qi» ^ Qy, then Qi> C Q v , and x, y £ Qi>, and so Theorem 14 and the irreducibility of Qi> together imply (x) fl (y) 2 Qi'-Hence (x) fl (y) % Qo, a contradiction, as asserted. We have then proved that Qo € ft. It is easily seen from the definition of ^ that Qi Qo for any Qi E T, namely, Qo is an upper bound of T in ft. Thus Zorn's Lemma gives that there is a maximal member PQ of (ft; Now, for any irreducible ideal Q of X, containing A, if Q C P 0 , then Q E ft and PQ -< Q. By the maximality of PQ, it follows that PQ = Q. Therefore P 0 is just one of the required minimal irreducible ideals.
From the above lemma, the intersection of all minimal irreducible ideals of X, associated with A, coincides with that of all irreducible ideals of X, containing A. Then Corollary 10 gives the next conclusion. 
